A cost-of-living dynamic price index,

with an application to indexing retirement accounts

Ricardo Reis*

Princeton University, NBER, and CEPR

October 2005

Abstract

If a consumer wishes to protect her retirement account from the risk of price changes
in order to sustain a stable standard of living, then what price index should the account
be indexed to? This paper constructs a dynamic price index (DPI) that answers this
question. Unlike the existing theory on price indices (which is static and certain),
the DPI measures the cost of living for a consumer who lives for many periods and
faces uncertainty. The first contribution of this research is to define this price index and
study its theoretical properties. The DPI: is homogeneous of degree 1 with respect to all
prices, is forward-looking with respect to price shocks, responds more to permanent vis-
a-vis transitory price changes, includes asset prices with a potentially large weight, and
distinguishes between durable and non-durable goods prices. The second contribution
of the paper is to construct a DPI for the United States from 1970 to 2004. It gives an
account of the cost of living in the U.S. that is strikingly different from the one provided
by the CPI. The DPI is less persistent, more volatile, and a large part of its movements

are driven by changes in the prices of houses and bonds.
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1 Introduction

Price indices are among the most commonly used economic quantities. Not only are they
monitored closely by the public and policymakers, but researchers use them almost daily as
their object of study or to construct other variables of interest. There are three main uses
of price indices: to guide monetary policy, to deflate nominal variables and obtain their
real counterparts, and to measure the cost of living. For all of them, it is common practice
to measure the price index as the change in expenditure required to buy a fixed basket of
goods when facing a new set of prices, as Laspeyres or Paasche suggested.

The focus of this paper is on the measurement of the cost of living. Economists have
long criticized the fixed-basket approach of aggregating prices into a measure of the cost
of living.! They noted that, in general, consumers will substitute across goods in response
to changes in prices, so keeping baskets fixed will lead to a substitution bias. Rather than
keeping baskets fixed, instead one should keep wtility fixed. The original definition of a
cost-of-living price index was made by Konus (1924), who proposed measuring “the relative
change occurring in the monetary cost of those consumers’ goods which are necessary for
the maintenance of a certain standard of living.” If V (W, p?) is the indirect utility function
of a consumer mapping the wealth she has W and the prices she faces p’ to the standard
of living she can achieve by acting optimally, then the Konus price index 7441 is defined as
the solution to:

V(ma W, Pt+1) =V(W, Pt)' (1)

To proceed from this definition requires spelling out the model of behavior that is behind
the indirect utility function.? Following the state of knowledge at his time, Konus (1924)
considered a consumer who lives for one period in which she maximizes a utility function
subject to a budget constraint and no uncertainty. Since his article, there has been a
tremendous amount of progress using classical demand theory to construct price indices.
Research characterized the circumstances under which the index is independent of wealth
or utility, and those under which prices can be aggregated in stages through sub-indices.

Researchers discovered the conditions for Laspeyres and Paasche price indices to provide

!This is not to say that there has not been an intense debate on which price indices should be used to
guide monetary policy or measure real quantities. But this is not the topic of this paper.

2The price index is often defined using instead the expenditure function. Duality implies that it is
equivalent to define it as in (1).



bounds on the cost-of-living index and proposed flexible functional forms to approximate the
index for general utility functions. More recently, there has been a focus on incorporating
changes in tastes and in the quality of the goods available to consumers. Some of these
advances have influenced the way price indices are built today.?

However, the framework behind the economic price index is still the one suggested by
Konus. Notably, it is still assumed that people maximize one-period utility with perfect
certainty. The modern theory of consumption (see for instance Deaton, 1992) instead
emphasizes dynamics and uncertainty by modeling people that maximize utility over many
periods and face uncertainty. The aim of this paper is to bring this modern theory of
consumption to shed light onto the old question of measuring the cost of living. The
resulting price index is still defined by (1), but the underlying model of behavior is now
dynamic and stochastic. For short, I call it the dynamic price index, or DPI.%

Why should we shift to using the DPI to measure the cost of living? There are at least
three reasons. The first is simply, because we can. Konus (1924) did not have available at
the time a model of consumption with dynamics and uncertainty. But over the past few
decades, economists have developed a more realistic model of consumption that explicitly
incorporates these features. The Konus insight was that given a model of consumption,
one can construct a measure of the cost of living. Since we now have a better model of
consumption, it is natural to consider the corresponding better measure of the cost of living.

The second reason is that taking dynamics into account unveils a new source of substi-
tution bias that static price indices ignore. Consumers that live for more than one period
react to higher prices today relative to the future by substituting away from present into
future consumption. Only a dynamic model that takes intertemporal substitution into ac-
count can address this bias. The third reason is that, while price indices are typically
used to compare two dates, it is theoretically awkward to do so when the implicit model of
consumers’ behavior assumes they live only for one period. These time comparisons follow

naturally with the DPI.

3The International Labor Office (2004) outlines the procedures currently used in building consumer price
indices, while the National Research Council (2002) is an excellent reference for the debates and progress
in this literature. The Boskin commission (Boskin et al, 1997) makes a critical assessment of the CPI and
a number of suggestions to make it closer to a cost-of-living index; see also Shapiro and Wilcox (1996) and
the debate in the 1998 Winter issue of the Journal of Economic Perspectives.

* A more appropriate, though more lengthy, nomenclature might be DS-COL-CPI, for Dynamic Stochastic
Cost-of-Living Consumer Price Index.



To make the DPI more concrete, this paper applies it to a specific question: consider
retiring today with some amount in your retirement account that you will live off until you
die. If instead you retire next year, when prices are different, how much must the account
have so that you are indifferent as to when to retire? That is, by how much must the
nominal amount in your account be adjusted so that you can afford the same standard of
living after you retire regardless of what prices happen to be? While this question has been
the focus of little research, its quantitative significance should not be understated. A large
fraction of household wealth is held in retirement accounts. In the United States in 2001,
52% of the population had a retirement account, and 28% of the value of financial assets
of families was in these accounts. Pension funds alone held $4.5 trillion in assets in 2004.°
Current policy proposals for converting the U.S. social security system into a set of private
retirement accounts would raise these numbers by even more.

Moreover, a price index for retirement accounts could be given many other uses. A
closely related one is to index the payments from disability insurance. Another one is to
index the bequests given to children of different ages: if you have two children, one year
apart, and choose to give each a lump-sum bequest when they turn 21 so as to leave both
equally well off, then how much more or less should you give the younger one relative to
the older? In the realm of public policy, there are scores of other applications in terms of
indexing government fines and lump-sum transfers.’

Figure 1 gives away the main result of the paper in the form of a plot of the annual-DPI
and the decade-DPI for retirement accounts in the U.S. between 1970 and 2004. The DPI
gives a provocative new account of the cost of living during the last 30 years. According
to it, the cost of living fell from the 1970s to the 1990s as in most conventional measures.
However, this fall came with greater year-to-year volatility and less persistence than is
commonly thought. Moreover, according to the DPI, during the 2000s, retirement accounts

would have to grow at a considerably faster rate than during most of the 1990s in order to

®Sources: Survey of Consumer Finances, 2001, Tables 5.E and 4, and Flow of Funds, Tables L.119.b and
L.119.c.

®How much can indexing matter? A curious incident provides an answer. When social security and
disability benefits were first indexed to CPI-inflation in 1972, a mistake was made in the indexation formula.
Among other factors, this contributed to make the social security system so generous that it quickly fell
into disrepute. This led by the early 1980s to widespread reforms that scaled down the system, including an
adjustment of the indexing formula (Bound and Burkhauser, 1999, pp. 3454-3456). Boskin and Jorgenson
(1998) in turn calculate that if an estimated 1.1% upward-bias of the CPI due to quality change was corrected,
the government savings on social programs indexed to the CPI would in a decade lower federal debt by $1,066
billion dollars.



Figure 1: The log annual and decade DPI for a household approaching retirement
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leave the consumer’s standard of living unchanged.

The remainder of this paper defines the DPI more carefully, explores its properties, and
explains how figure 1 was constructed and what is behind its new account of the cost of
living. There are many choices involved in constructing a price index, from which prices
to consider to what preferences to assume, and this paper does not claim to deliver the
definite price index. Its more modest aims are: to develop the theory for measuring the
cost of living for a consumer that lives for many periods under uncertainty; to apply the
theory to an important applied question that has been largely neglected; to take a first stab
at building a dynamic price index; to identify the broad features of this index; and to give
suggestions for future improvements.

Section 2 starts by describing the model of consumer behavior that I use and defining
the DPI. Section 3 studies the theoretical properties of the price index. Section 4 describes
the data that section 5 then uses to construct the DPI and interpret its movements. Section
6 looks at how the cost of living has changed for different groups of the population. Section

7 considers a few extensions to the basic model, and section 8 concludes.



A Brief Review of the Literature

There is a long and distinguished literature devoted to static Konus cost-of-living indices.
Fisher and Shell (1972), Diewert and Montmarquette (1983), and Pollak (1989) offer book-
length treatments, while Diewert (2001) is a comprehensive survey article. In the context of
indexing retirement accounts, Jorgenson and Slesnick (1999) provide a thorough econometric
application of the static approach.

The consideration of intertemporal trade-offs in the context of price indices was, to my
knowledge, first articulated by Alchian and Klein (1973).” They proposed a definition of
a price index that has many similarities with the one in this paper, but there are at least
three key differences. First, they allow the consumer to trade a complete set of Arrow-
Debreu securities whereas I consider the more realistic case where the consumer cannot
fully insure against changes in the cost of living (section 7 discusses the role of insurance
markets in the DPI). Second, their price index compares actual prices with an imaginary
counterfactual while the DPI compares them with the previous period. Third, noting that
the prices of the Arrow-Debreu futures contracts would enter the price index, Alchian and
Klein (1973) proceeded to use several measures of asset prices in the estimation of money
demand equations. This paper instead explores the theoretical properties of the price index
and applies it to building an index for retirement accounts.

A closely related article by Pollak (1989, chapter 3) studies whether it is possible to
form period sub-indices in an intertemporal context. Some of his results can be applied to
the DPI; however, this paper focuses on a different set of questions. Shibuya (1992) and
Wynne (1994) are the only studies that I am aware of that tried to build a price index taking
dynamics and uncertainty into account. They used very restrictive assumptions though and
can be seen as special cases of the more general results in this paper.

Other authors have informally defended the inclusion of asset prices in price indices.
Goodhart (2001) persuasively argues that house prices should receive a special treatment.
This paper provides a theoretical foundation to many of his comments. A recent literature
instead assumes that the CPI is the correct welfare measure, but then suggests that asset
prices may be used to forecast future CPI inflation. This paper instead suggests that

regardless of their statistical relation with the CPI, asset prices enter directly the correct

"TIrving Fisher (1906, 1910) was perhaps the first to propose price indices that include asset prices.



welfare measure, the DPI.%

Finally, note that this paper studies price indices that measure the cost of living. It does
not address the impact of considering dynamics on the construction of adequate deflators
or guides for monetary policy. Mankiw and Reis (2003) study the construction of inflation
targets for central banks in economies with dynamic price rigidities. Using other dynamic
models to inform the construction of price indices for purposes other than the cost of living

is a likely fruitful avenue for future research.

2 The theoretical framework

2.1 The model of consumer behavior

Compactly written, the mathematical problem facing the consumer who retires at date ¢

consists of choosing {Ci44, Si+i, Bi+i }52 to maximize:

B [ 8| D ajln(Ciasi) + Y ajn(Sjasi) (2)
i=0

jeND jeD

subject to:

PL.Ciyi+ RSt + QLB < Wi, (3)
Wisiyi = DLy By + RE G AS G, (4)
Wit14i 20, Cipi 20, Spyq >0, (5)
fori=0,1,2,..., and W; = A;. (6)

In words, the consumer maximizes total utility which equals the expected discounted
sum of period utilities. She faces a constant probability of dying, which combined with im-
patience, leads to a discount factor 5 < 1. Each period, she obtains utility from consuming
non-durable goods, each denoted by Cj 4, and durable goods, S;;4;. Period utility takes
a Cobb-Douglas form, with a set of taste weights a; that sum to one across all goods.

The consumer allocates her wealth each period Wi, to the uses in (3). She can acquire

8 Cecchetti et al (2000) provide a good summary of the state of knowledge in this literature. Goodhart and
Hofmann (2000) and Stock and Watson (2003) are useful references on the role of asset prices in forecasting
inflation, while Bryan, Cecchetti and O’Sullivan (2001) use the prices of assets and other goods to statistically
measure the common component in price increases.



non-durables, collected in the vector Cy,; at the price vector P;;, or invest in the durables
in the vector S;4; at the price vector Ryy;. She can also buy or sell two one-period financial
assets: bonds which pay a certain amount next period, or stocks which have some random
payoff next period. These assets trade at the price vector QtTH- = (@Bt+i QE+i) and the
portfolio holdings are collected in the vector Byy;.

The consumer starts at the retirement date ¢ with wealth equal to some exogenous
amount in her retirement account A;. After retirement, the sources of wealth are the payoffs
from the financial assets plus the market value of the stock of durables after depreciation.
The vector of payoffs is D;;r 114: = (DBt+i QEtr1+:) where Dp ¢y is the known payoff from
bonds, so that the return from holding bonds and equity are respectively Dp ;1:/QB++i and
QE,t+1+i/QE,t+i- The diagonal matrix A has elements 1 — §;, where d; is the depreciation
rate of durable j. Finally, the constraints in (5) impose that consumption cannot be negative
and that the consumer cannot run Ponzi schemes, which in this case reduces to always having
non-negative wealth.

The last component of the model to specify are the sources of uncertainty with respect
to which expectations Ey [.] are formed. The aim of this paper is to calculate the appropriate
index for the retirement account to insulate it from changes in prices. Therefore, I assume
that prices are the only source of uncertainty: p¢+; is a random vector containing the three
sets of positive prices, P4, Ri4i, and Q4+, while tastes and the quality of goods (the a;’s
and the 0;’s) are known. This assumption implies that the resulting index will be a price
index, that responds to prices but nothing else.

I will further assume that py; follows a Markov process so that if pt = (p, Pt—1, Pt—2, ---),
it constitutes a sufficient statistic for forming expectations. This implies that at any date
the consumer’s wealth and this vector of past prices are all of the state variables that affect
her plans. Evaluating total utility using the optimal behavior from ¢ 4 ¢ onwards leads to a
value function of the state variables: V (W, p'%). It equals the consumer’s expected life-
long utility at date ¢ 44 conditional on behaving optimally, and it defines what is commonly

referred to as the standard of living.”

9For there to exist an optimal solution to the consumer problem leading to a finite value function requires
some constraint on the stochastic process for prices. This is to ensure that, following a shock, prices do not
go to zero too quickly driving consumption to infinity and so leading to unbounded utility. It is difficult to
state these conditions for a general Markov process for all of the prices. Later, when I specialise to low-order
Markov processes, I verify these conditions case by case.



2.2 Defining the appropriate dynamic price index
The dynamic price index is defined, following Konus (1924), as follows:

Definition: The retirement account dynamic price index myy1 s the scalar that solves:
V(mi1 4, p't) = V(A4 p"). (7)

That is, the price index measures how much more wealth the consumer needs if she retires
at t+ 1 rather than at t, so that she is equally well off given the prices at t + 1 as she was
facing the prices at t.

Note that since the dynamic price index is defined taking as base the previous period,
it corresponds to a measure of inflation. This is, of course, not essential. The base in the
right-hand side of (7) could instead be with respect to a fixed date in time, leading to a
measure of the price level.

Also, note that I consider the problem of a single consumer trying to compute an index
that is important for her financial planning. All that is required therefore is a description
of how the consumer behaves. The measures that I obtain may lead to other questions such
as, who will provide this index in a market economy, or how might its adoption by many
people affect the equilibrium of the economy. These further questions are not the emphasis

of this paper, but section 7 offers some answers.

2.3 Basic properties of the DPI

One can establish some basic qualitative properties of the DPL.1Y To start:
Proposition 1 If prices and wealth are positive and finite, the DPI exists and is unique.

An important property of any price index is independence from the particular level
of wealth at which it is computed. Since wealth differs widely across different people,
without this property there is no hope of producing a price index that is broadly applicable.
Samuelson and Swamy (1974) showed that for the static cost-of-living index, independence

requires homotheticity of preferences. For the DPI, homotheticity of the period utility

0Proofs of this and other results are collected in the appendix.



function combined with time-separability ensures that total utility is homothetic. Since log

preferences are homothetic, one obtains:
Proposition 2 The DPI is independent of retirement wealth A;.

Another useful property of conventional price indices is that if all nominal prices and
payoffs increase proportionally by the same amount, then so does the price index. The DPI

shares this property since, letting M denote the common increase in all prices:
Proposition 3 The DPI is proportional to M.

A final question is: when does the DPI coincide with the static cost-of-living price index?
Aside from the case § — 0 in which the consumer cares only about present consumption,

there is another case in which the two coincide:

Proposition 4 If goods prices all follow random walks and financial asset returns are all

i.4.d., up to a first-order approxrimation, the DPI equals the static cost-of-living price index.

This particular case may justify looking at a price index such as the CPI as a rough
indicator of the cost of living. The next section will show however that even slight departures
from the conditions in this last proposition lead to stark differences between the static

approach and the DPI in theory. And in practice, the CPI and the DPI are very different.

3 Theoretical properties of the price index

To better grasp the theoretical properties of the DPI, this section will start with a simpler
version of the consumer problem and progressively build in ingredients towards the general
problem stated in section 2. I start with a consumer that faces no uncertainty, only consumes
non-durables, and has access to no financial assets aside from an annuity contract. I then
proceed to allow for trade in financial assets and for uncertainty on prices. The next step

is to add uncertainty on asset prices. The final step is to include durable goods.

3.1 Long lives and looking forward

To start off, consider a simpler version of the consumer problem in (2)-(5) in which the

consumer faces no uncertainty and cannot trade resources over time. This will be the case

10



if she has no access to durable goods or financial assets. In order for the consumer to have
any resources after retirement, I assume that she can buy an annuity contract that converts
her retirement account into a fixed stream of nominal income every period.

What is the impact of common trends in all prices on the price index? Letting P;y; be
the common component of prices, if Pyy; < Piy;41 for all ¢, then w4441 > 1 for all ¢. That
is, if prices are rising, the DPI will be above one. Moreover, if prices rise faster, then the
DPI will be higher.!? The DPI therefore shares with other familiar measures of inflation
the property that it is high if prices are trending upwards.

However, even in this bare case in which the only link between dates comes from the
consumer living for many periods, the DPI is not identical to a conventional static price
index. Imagine that prices are the same at all dates with only one exception, h periods from
now, when prices will be higher. The consumer today, realizing prices will rise, requires
an increase in her nominal wealth to be able to afford these higher prices at the future
date. The DPI will therefore be above one at date ¢, even though the increase in prices will

actually only take place at date ¢t + h. Because consumers are forward-looking, so is the

price index. These results are collected in the following lesson:

Lesson 1: The DPI is high if prices are trending upwards, and higher the steeper is this
trend. The DPI is forward-looking reacting today to news about higher prices in the future.

3.2 Non-durables goods prices and intertemporal trade

Next, I allow for intertemporal trade using bonds and equity, and investigate the impact of
uncertainty on non-durable goods prices, in the case where each price equals the product
of a common stochastic component and an idiosyncratic shock: Pj; = Pt]-:’]t

Starting with the common component, if it is i.i.d., then the only term involving P, in
the dynamic price index is: In(m¢1) = (1—08) In(Py11/P;). A 1% increase in the goods price
inflation raises the DPI by less than 1%. The reason is that, through financial assets, the
consumer can smooth the temporarily high goods prices today by substituting consumption
today for consumption tomorrow.

Empirically, goods prices are closer to a first-order autoregression in their log differences.

If 7 is the non-negative coefficient on the autoregression, then: In(my+1) = In(Py1/P) /(1 —

" Comparing two situations, A and B, distinguished by the fact that (Pt+i+1/Pt+,')A > (Pt+i+1/Pt+¢)B
for all 4, then 7Tf+l-+1 > 7TtB+i+1.

11



Bn). If n =0, so prices follow a random walk, the DPI increases one-to-one with increases
in prices. The reason is that with random walk prices, all shocks are permanent so there is
no scope for the intertemporal substitution described in the previous paragraph. But if 7 is
positive, a 1% increase in goods price inflation raises the DPI by more than 1%. The reason
is that higher prices today now imply that the consumer should also expect that prices
increase further by (1+n)" at each horizon h. The forward-looking consumer perceives this
and thus requires a larger increase in wealth today in order not to be worse off. The larger
is the persistence of shocks, the larger their impact on the DPIL.

Considering next the idiosyncratic shocks, assume that each is i.i.d. Then, the relative
marginal impact of shocks to two non-durable prices equals their relative weights in the
utility function: (91n(m;)/dIn(P;,))/(0In(m;)/dIn(Pyy)) = aj/ay. Tt is also easy to show
that this ratio equals the ratio of relative expenditures in the two goods. Intuitively, if the
consumer cares more about a good and allocates a larger amount of spending to this good,

then an increase in its price affects her cost of living by more.

Lesson 2: Because consumers are forward-looking and intertemporally substitute consump-
tion, the larger is the persistence of shocks to prices, the larger is their impact on the DPL

The relative weight of different goods depends on their relative shares in expenditure.

3.3 Asset prices

One crucial difference between the DPI and a static price index concerns the role of asset
prices. Once one takes an intertemporal perspective, it is evident that because asset prices
are nothing more than the relative price of consumption in the future relative to the present,
they must enter a dynamic price index. The relevant consumption bundle consists not only
of consumption of two different goods today, but also of total consumption today and
tomorrow. If today’s prices of two goods enter the price index, then so must prices today
and tomorrow. Asset prices give the relevant prices for the future.

To assess the quantitative significance of asset prices in the DPI, separate each asset
price into a common and an idiosyncratic component: Qg ty; = QtHQ Bi+i and Qg+ =
Qt+iQ E,i+i- Then, if the common component is i.i.d., the DPI depends on it through the
term: In(mey1) = FIn(Qi+1/Q:). Higher asset prices raise the DPI because they make it
more costly to transfer funds for future consumption. Moreover, recalling that a 1% increase

in i.i.d. non-durables prices raised the DPI by (1 — )%, note that for plausible values of the

12



discount factor, asset prices can receive a substantially larger weight than consumer prices
in the DPI.

Still for the i.i.d. case, the impact of changes in the idiosyncratic components of the two
asset prices is described by: (91n(m;)/0In(Qg4))/(dn(r:)/0In(Qp+)) = Qr+Brt/Qp.iBa.-
The relative marginal impact of a change in the price of each of the assets is proportional to
their relative weights in the consumer’s portfolio. The more of a specific asset the consumer
chooses to hold, the more affected she will be by changes in its price.

As with non-durables though, the stochastic properties of asset prices play a key role.
One important special case regards equity prices. If equity prices follow a random walk
(which is a rough description of the actual data), then: (9In(my1)/0In(Qpsr1)) = O.
Changes in random walk equity prices have no impact on the DPI. The reason is that, in
this case, higher equity prices today have no implication for current and expected future

returns. Thus, no relative prices change and neither does welfare or the cost of living.

Lesson 3: Asset prices generally enter the DPI and with a potentially large weight, with
the exception of the special case when equity prices follow a random walk. The price of each

asset receives a weight proportional to its portfolio share.

3.4 Durable goods

Finally, I introduce durable goods. These goods are particularly interesting, because they
combine features of both goods and assets: they yield utility and they also transfer wealth
across time. For simplicity, I assume that the log of each price follows an AR(1) and use
It]‘ﬁl to denote the return from holding the optimal portfolio of financial assets.

An important quantity is the cost of using a durable j between between ¢ and ¢ + 1:
Uipr1 = Riy — (1 — 0 Rje1 /TN (8)
Jit+1 Jst Jit+1/Li4+1

Holding the durable for one period requires paying R;; for it at date ¢ and then selling the
remainder after depreciation for R;;y1 at date ¢ + 1, noting that the opportunity cost of
investing a ¢ + 1 dollar in durables is 1/ It]\jfl dollars at date ¢. Thus, u;;41 is the user cost
of holding durable j between ¢ and t + 1.

The relative marginal impact of a change in durable j’s price relative to a change in the

13



price of non-durable ¢ evaluated at the non-stochastic steady state equals:

Oln(r)/dn(Ry)) _ (1 —661n<Pi,t+1)/81n<Pm)> y <3wt+1 L > ©)

dln(my)/0In(Py) o \1— BoIn(R;441)/0In(R;,) OR;; w41

The first fraction in the expression captures the effect of tastes that was already discussed
in section 3.2. The second fraction shows that the more persistent are shocks to the price
of a good, the larger is its impact on the DPI. The reasons behind this were also discussed
in section 3.2. If user costs are always proportional to prices, these are the only two effects.
In this case, durability is irrelevant: whether the good is durable or not, it has the same
weight on the DPI.

User costs will be proportional to prices if the log of the price of the durable follows a
random walk. If, however, shocks are transitory, then user costs rise by more than 1% in
response to a 1% rise in prices. A higher durable good’s price then hurts the consumer in
two ways: first because it raises the current price paid for the good, and second because
the consumer expects a capital loss on holding it since the price is expected to fall. In this
case, durable goods have a larger weight on the DPI, and one that increases with 1 — §, the
durability of the good.

In the extreme case in which the price of the durable is i.i.d., its impact on the DPI
can be much larger than that of a non-durable. If the return on bonds and durables are
approximately the same (Rj+1/Rj; ~ I}1;), the last fraction in (9) equals 1/4. For a very
durable good such as housing, for which d ~ 0.01, a temporary increase in its price raises
the DPI by about 100 times more than a comparable increase in a non-durable price, and
so can have a massive impact on the consumer’s cost-of-living.

Alternatively, if shocks to durable prices are very permanent, in the sense that a 1%
increase in R;; comes with an expected increase in Rj;y1 of more than 1%, then even
though the consumer is hurt by paying more for the good, she benefits from the expected
capital gains on it. The user cost of the durable falls, and so the change in its price has a

smaller impact on the cost of living.'?

Lesson 4: The impact of durable prices on the DPI increases with their weight in period

20ne of the most important consumer durable goods is housing. Bajari, Benkard and Krainer (2004)
study the impact of a change in house prices on welfare and provide some related results to the ones in this
section. They did not consider uncertainty or the persistence of shocks however. Diewert (2003) provides a
thorough review of the current state of knowledge on how to include house prices in price indices.
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utility and with the persistence of shocks. Transitory shocks to a durable good’s price have
a larger impact on the DPI than shocks to a comparable non-durable because they raise
current expenditures and also imply an anticipated capital loss. The more durable the good
is, the larger its weight in the DPI. If instead an increase in the durable good’s price leads

to anticipating a capital gain on it, its impact on the DPI is smaller.

4 Data and methods for constructing the DPI

The empirical effort in this paper is limited by data constraints and the desire to provide
a transparent first pass at the problem. I will consider only broad categories of goods and
assets for which there are more reliable time-series.'® This section explains the sources of
these data. I will focus on the sub-set of households aged between 55 and 64, for whom
indexing their retirement accounts is a more salient concern. Section 6 will consider different

groups of the population.

4.1 Non-durables prices and consumption

The set of non-durable goods is the one included in the CPI: food, energy, services (without
shelter or energy), and other non-durables. The price series come from the Bureau of Labor
Statistics (BLS) CPI database. They cover the period from the start of 1960 to the end of
2004 at the quarterly frequency and are seasonally adjusted.'* The growth rate of prices
are plotted in figure 2.

For non-durables, the relative taste weights a; equal the relative shares in the house-
hold’s expenditure. I measure these using the relative importance of each good in the last
revision of the CPI. These weights are allowed to vary deterministically over time to take
into account the main trends in consumption in the last 50 years. For instance, the weight
of shelter plus services in the consumer basket has risen from 39% in 1964 to 56% in 2004.

The BLS has revised these weights six times since 1964. Table 1 shows these revisions.!?

13There are many interesting details on goods prices that this paper will not consider. How to account for
taxes is an important and difficult one. Triplett (1983) provides a lucid discussion of this and related issues.

MFor the series for which the BLS does not report seasonally adjusted counterparts, I computed these
using the Census Bureau’s X-11 procedure. Comparing the available seasonally-adjusted series from the
BLS with counterfactuals using this procedure produces correlation coeflicients larger than 0.99.

15These expenditure shares refer to the average U.S. household, but the baseline DPI refers to the 55-64
age group. From 1998 onwards, the two are quite similar, and the differences have a negligible impact on
the price index. Before 1998, it is difficult to find the expenditure shares for the 55-64 group.
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Table 1. Relative weights of different components in the CPI

CPI weights | Food  Energy Services Other Shelter Other
non-durables durables
1964-1977 0.224 0.067 0.185 0.210 0.202 0.115
1978-1982 0.177 0.086 0.190 0.131 0.291 0.124
1983-1986 0.190  0.124 0.213 0.131 0.213 0.128
1987-1997 0.162 0.074 0.229 0.139 0.277 0.120
1998-2001 0.153 0.070 0.238 0.125 0.298 0.116
2002-2003 0.147 0.062 0.237 0.118 0.315 0.121
2004 0.144 0.071 0.234 0.110 0.329 0.113

4.2 Durables prices and consumption

Durables comprise two goods: shelter and other durables. Combined with the four non-
durables, these 6 categories include 100% of the goods in the CPI. The price series for other
durables is that reported by the BLS.

For housing prices, the BLS shelter series suffers from many deficiencies. First, it in-
cludes both rents and house prices. There is ample evidence that these two prices are almost
uncorrelated and that they are not even linked the way theory would predict.'® Second, the
shelter series in the BLS has an important break in 1983. Before that date, house prices
were measured using the prices reported in recent sales. Afterwards, the BLS has been
computing for homeowners a “rental-equivalent price,” matching their house with similar
rented ones and measuring the change in these rents as the relevant price variation. The
shelter series before and after 1983 are, strictly speaking, non-comparable. Third and fi-
nally, the shelter series collected by the BLS seems to be downward biased at least over long
horizons. Gordon and van Goethem (2004) note that according to this series, shelter is 5.1
times more expensive in 1999 than it was in 1925. Yet the asking price for single-family
homes in Washington, DC is 22.5 times higher than it used to be.

In the baseline case, I will focus on home-owners. In the U.S. in 2001, 82.3% of house-
holds whose head was between 55 and 64 years old owned their primary residence.!” To

measure house prices, I will use the Conventional Mortgage House Price Index produced by

18See Gillingham (1983) or Verbrugge (2005).
17Source: Survey of Consumer Finances, 2001.
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Freddie Mac. This contains quarterly data from 1970:1 to 2004:4 on house prices weighted
and measured by repeat sales so as to control for the quality of the home.'® An alternative
index is the House Price Index produced by the Office of Federal Housing Enterprise Over-
sight. It is only available however from the first quarter of 1975. For the common sample,
the two price series move very closely together: the correlation between them is 0.999 for
their levels and 0.930 for their growth rates. I use the index from Freddie Mac because of
its longer sample.'’

To calibrate the four parameters, as, ag, 05, and dg, which correspond to the tastes
for the two durables and to their depreciation rates, I use four moments. The first two
come from the Survey of Consumer Finances. They are the share of wealth held in durables
relative to financial assets, and the amount of wealth in real estate relative to the wealth
in other consumer durables. I use the averages from the 1989, 1992, 1995, 1998, and 2001
surveys for the households with a head aged between 55 and 64. The numbers are 0.86 for
the ratio of durable to financial wealth, and 9.46 for the ratio of housing to other durables.
The other two moments come from the last two columns of table 1, and they are the
expenditure shares in housing and other durables. Using these four moments, the implied
taste parameters are 2.2 times higher for housing and 1.5 times higher for other durables
than the expenditure shares in table 1. The implied quarterly depreciation for housing is

0.6%. For other durables, it is 2.7%.%°

4.3 Asset prices

I measure equity returns using a broad stock market fund: the value-weighted index of
stocks in the NYSE, AMEX and NASDAQ compiled by the Center for Research in Security
Prices. Bond returns refer to the yield on 3-month Treasury bills. Figure 3 plots both
returns.

The portfolio shares of equity and bonds are set to match those of households in the

'%See Case and Shiller (1989) for a discussion of the importance of this method in measuring house prices.

19The Census Bureau produces another house price series, with the advantage that it covers most of the
post-war period. However, it refers only to new houses and it does not adjust perfectly for quality.

20For comparison, I computed these depreciations also using the Fixed Assets Table from the Bureau of
Economic Analysis. They are 1.6% for housing and 21.1% for consumer durables, but at an annual rate.
The wealth holdings in the Survey of Consumer Finances therefore imply that the depreciations for housing
and other durables are about 3/2 and 1/2 respectively from those in the Fixed Assets table. I suspect that
much of the discrepancy is due to the fact that some of the real estate declared in the Survey of Consumer
Finances is used for non-residential purposes, and that the definition of durables in the two surveys differs.
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Figure 2: Growth rates of goods prices 1970-2004
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Survey of Consumer Finances. Subtracting liabilities from the holding of bonds (direct and
indirect through pension funds) and adding certificates of deposits and transaction accounts,
households with a head between 55 and 64 years old held on average 75% of their financial
wealth in equity.

Finally, the discount factor is set at 0.99 to match the real return on the portfolio of

financial assets so that steady state real wealth is stable.

4.4 Forecasting and solving the model

Forecasting the future of even only 8 prices using data from the first quarter of 1970 to the
last quarter of 2004 is a daunting challenge. I go about doing this by using the assumption
that the prices are finite-order Markov processes to estimate several vector autoregressive
models (VARs) on the logs of the prices.

There is very strong statistical evidence that all price series are non-stationary according
to standard unit root tests, so I first-difference the data. I estimate a VAR of order 2,
since this leads to the lowest forecast prediction error and value of the Akaike information
criteria. This is the most parsimonious statistical model that still performs reasonably at
forecasting.?! Section 6 will consider alternatives.

Computing the DPI in (7) requires solving the consumer problem in (2)-(5). If the
Markov process followed by the vector of all prices is of order k, the size of the state vector
for this problem is 1 + 8k. Even for conservative choices of k, this number is too large
to allow the use of numerical projection methods. One is left with perturbation methods,
and the appendix takes this route to solve for a log-linear approximation for the DPI. One
could of course also consider higher-order terms, but there are enough interesting first-order

features of the DPI to study for now.

5 The U.S. DPI for households approaching retirement

Figure 4 plots the annual log price index using the parameters for households approaching
retirement and the forecasting model described in the previous section. While the obser-
vations are quarterly, I focus on the annual DPI, which at date t equals 2?:0 In(m—;),

since this is easier to interpret. It corresponds to the cumulative percentage change in her

21To give an impression of the model’s performance, the average adjusted R? is 0.45.

19



retirement account that the consumer would require during the preceding year to keep her
standard of living unchanged.

In the figure is also plotted the annual CPI and the annual returns on bonds. Bond
returns provide an interesting comparison because many financial institutions advise those
approaching retirement to hold an account portfolio heavily composed of bonds, effectively
indexing the amount in the account to their return.

The DPI is clearly strikingly different from either CPI inflation or bond returns. The
correlation between the DPI and these two alternatives is -0.06 and -0.10 respectively. Part
of the difference comes from the higher volatility of the DPI. While the standard deviation
of CPI inflation is 2.9% and that of bond returns is 2.6%, the standard deviation of the DPI
is 5.4%. Another part of the difference comes from the fact that while CPI inflation and
bond returns are very persistent, the DPI exhibits many transitory movements with sharp
rises followed by quick reversals. Consequently, while the serial correlation coefficients of
CPI inflation and bond returns are respectively 0.97 and 0.99, the DPI’s is only 0.43.

Despite these differences, the trends in all series are similar. While it may be difficult to
see this in figure 4, it is clear in figure 5, which displays at each date the accumulated DPI,
CPI-inflation, and bond returns over a decade. It is clear that the series now move closer
together. For instance, the correlation between the DPI and CPI inflation is now 0.86.
This rough similarity must not be taken too far however. There are important differences
even over long horizons, the most striking of which during the 2000s. Whereas a retirement
account indexed to the CPI between 1994:4 and 2004:4 would grow by 25%, one indexed
to the DPI would grow by 54%. A retired household with an account indexed to the DPI
would be substantially wealthier and better off than a household with an account indexed
to the CPIL.

Focussing instead on individual dates, there is an unusual fall in the DPI in 1974:4.
The reason behind it is an unusual event: the largest stock market drop in a quarter in
the sample. Equity prices fell by 28%, so consumers were able to buy future consumption
with their retirement account at a discount price. Thus, the DPI fell. This incident was
immediately followed by a run up in the DPI peaking in the first quarter of 1976. Not only
were most goods prices rising (see figure 3) but also equity prices quickly recovered and
were accompanied by also high bond prices. The DPI peaked again shortly after in late

1977. Behind this third episode was the second largest run up in house prices in the sample
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Figure 4: The annual log DPI, CPI inflation and bond returns
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period, which in 1977 alone increased by 12.5%. The final notable period is the high DPI
since 2000 that was already mentioned. Behind this are two proximate causes: the largest
increase in house prices in the sample and high bond prices.

Table 2 provides a more systematic analysis of the factors driving the DPI. The first row
displays the standard deviation of changes in the log of each price. Two prices stand out
for being more volatile than most others: energy prices and especially equity prices. Some
of the volatility of the DPI is due to including these very volatile equity prices.

The next row in the table shows the impact on the DPI of changes in prices for the
particular case in which each price follows an independent random walk. The assumption
of independence allows one to associate changes in the price with shocks to that price. The
assumption of a random walk leads to the case covered in Proposition 4, in which each good

has an impact which matches its weight on consumer tastes.

Table 2. The volatility of the components of the DPI and their average impact

Other
Food Energy Services
non-durables
Volatility (standard deviation) 0.011 0.037 0.009 0.009
Marginal impact if random walk | 0.132 0.057 0.155 0.111
Persistence (AR(1) coefficient) 0.360 0.258 0.636 0.437
Marginal impact if AR(1) 0.205 0.077 0.420 0.196
Marginal impact with VAR(2) 0.757 0.194 1.990 -0.418
Other
Housing Equity Bonds
durables

Volatility (standard deviation) 0.009 0.011 0.091 0.007

Marginal impact if random walk | 0.412 0.132 0 0
Persistence (AR(1) coefficient) 0.608 0.663 0.020 0.954
Marginal impact if AR(1) 0.549 0.322 0.010 2.756
Marginal impact with VAR(2) 1.901 -0.823 -0.045 2.454

The third row reports the coefficient on an AR(1) regression for each price. Noticeably,
equity returns are close to being serially uncorrelated, and energy prices are also little per-
sistent. Consequently, despite being volatile, changes in these prices have a small impact on

the DPI. Row four shows the marginal impact of shocks to each price using the independent
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AR(1)’s as the forecasting model. Because most prices are quite persistent, the sum of their
impacts on the DPI is well above one. This is the main reason behind the DPI’s volatility.
House price and bond price changes in particular are very serially correlated and thus have
a large impact on the DPI.

Finally, the last row shows the impact of a 1% change in each price on the DPI with
the baseline VAR/(2) forecasting model. These numbers can no longer be interpreted as the
response to shocks to individual prices, since they are not identified in the reduced-form
VAR.?? What they show is that if one observes in a period that house and bond prices have
increased, then this comes on average with an increase in the DPI.

These different pieces of evidence paint the following characterization of the optimal price
index for retirement accounts. It is volatile, because price changes are typically followed
by further price increases.”® Occasional sharp movements in equity prices may affect the
DPI significantly, but on average equity prices have a small impact on the DPI because
returns are very close to being serially uncorrelated.?* Housing has an important role, with
changes in its user cost accounting for much of the movements in the DPI. Finally, aside
from housing, bond prices are the other main driving force in the DPI for two reasons: first,
because changes in bond prices tend to be very persistent, and second because they affect

the DPI both directly and indirectly through the user cost of housing.

6 Heterogeneity and the DPI

The price index in the previous section was intended for the average U.S. household ap-
proaching retirement. The prices used were those that this household would likely encounter
and the parameters were calibrated to match its behavior. This section instead computes
price indices for different segments of the population.

First, I consider how an average U.S. household differs from an average household ap-

22To calculate the impact of news on each component of the DPI on the index would require identifying
structural shocks. In a VAR with 8 time-series, this would require 28 identifying restrictions. Since there
aren’t even a handful of possibly valid restrictions, this is virtually impossible.

231t is customary in building price indices to normalize the weights of each component so that they sum
to one. Doing this for the DPI results in a price index that tracks very closely the movements in the DPI,
but is more stable. However, this normalized price index can no longer be interpreted as the percentage
adjustment in the retirement account.

?*Goodhart (2001) and Bryan, Cecchetti and O’Sullivan (2001) worried that any price index that included
equity prices would be very volatile. The DPI dispels this worry: it is more volatile than the CPI (though
not to the point of being useless) but this is not mostly driven by equity prices, but rather by the persistence
of other price shocks.
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proaching retirement. The data from the Survey of Consumer Finances indicates that the
average household holds more wealth in durables relative to financial assets (a ratio of 1.21)
and that, among durables, housing is a smaller component relative to other durables (a ratio
of 7.97). Moreover, the share of equity in their portfolio is higher, 0.92, mostly because they
hold more debt. Using these three moments to calibrate the parameters produces the price
index in the first panel of figure 6. It is almost identical to the price index for households
approaching retirement.

Second, I measure goods prices using the components of the deflator for personal con-
sumption expenditures (PCE), provided by the Bureau of Economic Analysis. The PCE
deflator’s expenditure shares are updated more frequently than those in the CPI and it is
revised backwards with GDP revisions, so its series are consistent over time. The second
panel of figure 6 displays the DPI using these goods prices and using also the expenditure
shares for the PCE to calibrate the taste parameters. The resulting DPI is again closely
associated with the baseline one.

Third, T consider different forecasting models. Unit root tests reveal some mixed evi-
dence that price changes may also contain unit roots. If so, one might expect that these
series share at least one common trend due to changes in the supply of money. Johansen’s
trace test of the number of cointegrating relations lends some support (at the 5% signifi-
cance level) to this hypothesis, by finding that there are 7 cointegrating relations between
the 8 price series. Following Stock and Watson (1988), this would imply that the series
share one common trend. I measure this trend using CPI inflation, and idiosyncratic price
changes using a VAR(2). This model of forecasting leads to the price index in the third
panel of figure 6. A consumer that used this model to forecast future price changes would
wish to index her retirement account to a price index that typically moves together with
the baseline index.

Fourth, I consider another forecasting model: a Bayesian VAR with a Minnesota prior.
Relative to a standard VAR, this procedure shrinks the coefficients that are imprecisely
estimated towards a random walk for each price. Contrary to the previous models, and
consistent with a Bayesian perspective, the VAR is estimated directly on the levels rather
than the first differences of the series. The results are in the fourth panel of figure 6 and
again provide a similar account of the cost of living.

The next four cases that I consider lead to more substantial changes in the price index.
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The fifth scenario involves comparing homeowners to renters. For the latter, housing is
now a non-durable. To measure its price, I use the series on “rent of primary residence”
produced by the BLS. Also, different moments describe these households. Because they
do not own a home, the renters’ ratio of housing to durable wealth is zero versus 9.41 for
homeowners. Their durable wealth is smaller (0.26 of their financial wealth against 0.96 for
owners) and because they hold less debt, their portfolio has a smaller equity share (0.69
versus 0.95 for owners). The price indices for these two groups are in the first panel of figure
7. The two are quite different and even negatively correlated. This confirms the conclusion
in the previous section that changes in the user costs of homeowners accounted for a large
portion of the movements in the price index. Note also that starting in 2000, the price index
for owners has been above that for renters, since house prices have risen relative to rents.

Sixth, I compare those that hold some equity with those that do not. According to
the 2001 Survey of Consumer Finances, only 52% of U.S. families hold any equity, either
directly or indirectly (and 57% of the households with a head aged 55 to 64). The second
panel of figure 7 shows the price index for those households that do not hold equity. It and
the baseline DPI are positively, but only weakly, correlated. On the one hand, households
that are not exposed to equity are not affected by the occasional sharp movements in stock
market prices. On the other hand, changes in the price of bonds play an even stronger role
in their price index.

The seventh scenario I consider is that of households that discount the future more
heavily. Among those approaching retirement, there are likely great differences in their
health and life expectancy, which will lead them to discount the future differently. It
could also be that some households are more impatient or are less altruistic towards their
offspring. I consider the case in which the consumer has a quarterly discount rate of 2.5% as
an alternative to the baseline 1%. The third panel of figure 7 shows that the price index for
high-discounters is only weakly correlated with that for low-discounters. The reason is that
those that discount the future by more, save less, and thus are less exposed to changes in
the prices of financial assets and durables, but are more sensitive to changes in non-durable
goods prices.

Fighth and finally, the last panel in figure 7 presents a compensation series associated
with the DPI. The DPI measures by how much people would want to see their retirement

account change so that by retiring today they are equally well off as they were one year ago.
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Figure 6: The DPI for different groups: Small differences
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Part of that change in wealth might come through returns on the retirement account during
this year, part from the wages earned from working an extra year, part perhaps through
explicit insurance contracts, and a part probably never takes place. The first of these
components can be measured directly using the baseline model. The last panel in figure
7 displays only the excess compensation beyond what is already earned on investments
that the consumer requires to her retirement account. The movements in this measure are
somewhat more extreme than those in the DPI. The reason is that high asset prices now

not only raise the DPI but also come with lower expected returns.

7 Further questions about the DPI

7.1 The elasticity of intertemporal substitution and risk aversion

So far, the analysis has kept both the elasticity of intertemporal substitution and relative
risk aversion fixed at 1. Given the key role that intertemporal substitution and uncertainty
about the future play in the DPI, it is interesting to investigate alternative parameters.
For this purpose, I focus on the problem of a consumer of solely one non-durable good
that can transfer funds over time using equity, which has an expected log return equal to
the rate of time preference. I further assume that equity prices follow a random walk with
innovations 8?, while the good’s price follows an AR(1) in first differences: Aln(P;) =
nAIn(P,_1) + f, two rough descriptions of the U.S. data. Period preferences are now

defined recursively as in Epstein and Zin (1991):

110 1/(-1/0)
} : (10)

U = {(1 S e

where 6 is the intertemporal elasticity of substitution and +y is the coefficient of relative risk
aversion.

In this case, the DPI approximately equals:

In(P/P-1)  pnln(P-1/P-2)
L—pn 1L —pn
In(p) = 0.5(1—0)yVar(e? + )+ In(B). (12)

In(7y) with: (11)

If the intertemporal elasticity of substitution equals 1 (and regardless of risk aversion), we
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get the same solution as in section 3.2. That is, a 1% increase in goods prices raises the DPI
by 1/(1 — fn). Likewise, if goods prices follow a random walk (and regardless of 6 and =),
proposition 4 still holds. Since in this case there is no scope for intertemporal substitution
in response to shocks, a 1% increase in goods prices raises the DPI by exactly 1%.

Expression (12) reveals that the more willing the consumer is to substitute consumption
across time, the smaller is the impact of price shocks on the DPI. Intuitively, this consumer
will accommodate the shocks by more by changing the timing of her consumption so her
effective cost of living changes by less. Almost all empirical studies have found that 6 is
smaller than one. In this case, an increase in ~ raises the impact of price shocks on the
DPI. A more risk-averse consumer is hurt by more when bad price shocks occur.

Most estimates of 6 put it somewhere between 0.1 and 0.4, while reasonable estimates
of v are typically between 1 and 5. For the extreme cases of § = 0 and v = 10, according
to (11) the DPI in the previous sections that used the assumptions § = v = 1 would have
underestimated the impact of shocks on the DPI by only about 12%.%

7.2 Labor income and non-price uncertainty

This paper has focussed on constructing the DPI for indexing retirement accounts. By the
nature of retiring, the consumer earned no labor income. However, one might want to use
the DPI for other purposes for which considering labor income is important.

If the present value of labor income when discounted at the bond interest rates is de-
terministic, then the analysis is unchanged. As Merton (1971) showed, in this case we need
only interpret initial wealth A; as containing also the present value of labor income.

Otherwise, one must choose whether variations in labor income are seen as price (wage)
variations that the price index should react to, or rather as a distinct set of shocks that the
price index should not include. In the first case, interpreting one of the non-durable goods
Cjt as leisure, one can adapt the previous analysis to accommodate wage variations. In the
second case, we are in the more general problem of how to handle non-price uncertainty. If z;
is a vector of non-price shocks, which could include labor income but also changes in tastes
or in the quality of goods, indirect utility is now given by: V (W, pt, 2!), where 2! is the suffi-

cient statistic to forecast future z;’s. The DPI could then be defined as V (11 Wy, p'tt, 2t) =

*5This calculation uses 8 = 0.99 and the estimated 1 = 0.72, Var(stQ) = 0.091% and Var(ef) = 0.005.
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V (Wi, pt, 2%), or alternatively as E.[V (w1 Wy, p'™, 2] = E. [V(Wy, p!, 2/71)] %6 In the
first case, one would follow the traditional approach of keeping quality and tastes fixed at
their base-period values. The second approach uses instead the consumer’s expectations
of what her welfare would be at the future tastes. Future research can consider these and

other alternatives; the obstacles seem similar to those that face the static approach.?”

7.3 Who would provide the DPI?

One interpretation of the DPI follows naturally under complete financial markets. If the
prices of insurance contracts are fair so that the consumer is fully insured, and if consump-
tion is stationary, then the DPI at each realization of prices measures how much of each
Arrow-Debreu security the consumer purchases that pays in each of the states.

Seen from this perspective, there is no reason why private financial institutions could not
provide the DPI. By pooling across households in different countries, they could diversify
even the aggregate risks of price changes and sell households insurance policies in the form
of indexed retirement accounts. As Shiller (2003) argued, there are few obstacles and many
benefits from creating the markets for insuring against national inflation risks. Since there
already exists a large competitive market for retirement accounts, the introduction of DPI-
indexed contracts might even be easier.

According to the results in this paper, one important component of these financial
products would be their variety. Section 6 demonstrated that different households will
desire different indexed accounts. This provides an extra reason for these accounts to be

provided by markets that can adapt their products to different groups in the population.

8 Conclusion

This paper has provided a dynamic price index for households approaching retirement to
index their retirement accounts in order to secure a standard of living despite changing
prices. While this price index is constructed to measure the cost of living (and not to deflate
nominal variables or guide monetary policy), this use alone is sufficiently widespread and

important for economic decisions to deserve a careful look.

0 B, ].] denotes the expectations operator with respect to 2! conditional on information at .

?TSee Pollak (1989) for an excellent discussion of conditional price indices, and Pakes (2005) for a recent
survey of the potential of using hedonic models to take new goods and quality changes into account.
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Some of the properties of the DPI may at first be a little startling. On second thought,
perhaps they should not be so surprising. Macroeconomists have by now mostly abandoned
static models that ignore uncertainty. In the study of consumption, Hall (1978) found that
dynamics and uncertainty led to a new vision of reality. Consumption was no longer a
stable function of current income, but instead it depended on news, interest rates, and
on the structure of financial markets. Consumers responded differently to transitory and
permanent shocks and future consumption growth was unpredictable. This paper brought
this modern model of consumption to the study of cost-of-living price indices. Perhaps not
surprisingly, it leads also to a new and different account of the cost of living. The DPI
depends on news, on asset prices, on the persistence of price shocks, on the durability of
goods, and it is less persistent than its static counterpart. As in Konus’ (1928) original
insight, the cost-of-living price index reflects the underlying theory of consumption.

While this paper moved a long way towards constructing such a price index, much
remains to be done. Empirically, one could consider more disaggregated categories of goods
and more involved utility functions that better fit the cross-sectional patterns of demand. A
better understanding of the dynamics of prices and of how consumers form their expectations
of future prices would be particularly useful. This could involve either better statistical
models or perhaps economic models on which to base Muth-rational expectations. Another
alternative would be to use direct survey measures of consumer expectations. The main
obstacle to all of these extensions is obtaining the relevant data.

Note, however, that computing a DPI does not pose any insurmountable data problems.
Relative to the static approach, one needs new information on consumer’s preferences for
trading over time (which is already routinely collected for portfolio and retirement advice)
and on expectations of future price changes (for which we have massive amounts of data from
markets and in the BLS records).?® Given how many resources the government currently
devotes to constructing price indices and given the data we already have, this seems feasible.

A second area for improvement is the model of consumer behavior. This paper has
considered the model of consumption over time under uncertainty that is currently standard.
However, there has been much progress in the last decade at understanding the implications
for consumption of limitations on borrowing, habits, temptations, distorted expectations,

and inattentiveness, among other realistic features of behavior. These could all be added

28 The static approach does not need this information solely because it ignores the future.
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to the model in this paper and alternative price indices could be constructed. This paper
has only provided a first step in bringing modern models of consumption dynamics under
uncertainty into the theory of building price indices. The importance of the questions
involved and the tight link between the price index problem and theories of consumption

should allow for fast progress in this dimension.
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Appendix
A.1. Proof of the propositions in section 2

Proof of Proposition 1: For this standard consumption problem, it has been well-
established that a solution exists leading to a bounded continuous value function (see e.g.,
Carroll, 2004). Moreover, it is clear that raising wealth relaxes the constraint of the maxi-
mization, so since the marginal utility of consumption is always positive, V' (W, .) increases
with W;. As my varies from 0 to infinity, the left-hand side therefore increases continuously
from —oo to +00. Since for positive wealth and prices, the right-hand side is a finite number,

a unique solution to the equation exists.

Proof of Proposition 2: Consider the transformation of the controls and states of
the problem: (C,S,B,W,p) — (AC,\S,AB,A\W, p). It is clear that the feasibility set of
the maximization problem is unchanged. As for the objective function, it goes through the
transformation V' — V 4 In(\)/(1 — ). Letting A = 1/W, the symmetry theorem in Boyd
(1990) implies that:

V(Wi p') = In(W1) /(1 = B) + V(1,p"). (13)

Using this in the definition of the DPI in (7), it follows that:

In(m) = (1= A)(V(L,p"™") = V(1,p)), (14)

which does not depend on wealth.

Proof of Proposition 3: Transform (C,S,B,W,p,D) — (C,S,B, MW, Mp, M D).
The feasibility set of the maximization problem is unchanged and so is the objective function.
Thus, the transformation leaves the value function unchanged. From the definition of the

DPI: # = M.

Proof of Proposition 4: To prove this proposition, one must first solve for a log-linear
approximation to the DPI. This is done via three lemmas.

Lemma 1: The solution to the consumption problem is:
ijt = a](l - IB)Wt/.PjJ fOT all ]EN_D (15)

and Sj,t = S’jtht/Rj,t fOT’ all jED, BE,t = bt(Wt — PtTCt — RfSt)/QE,t, BBﬂg = (1 —
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bt)(Wt — PtTCt — R?St)/QB7t, and Wt+1 = WtJert. Lettmg anN = ZjeND Otj, I%l =
(1=b)Dt/Qpt +bQpi11/Qry, and Gjgs1 =1 — (1 — 6;)Rjup1/RjIM, then Sjp, Wisa

and b; solve the system of equations:

1-B)a; IM 4,
APy _ p, |t for jeD (16)
BS;t Wi
Win = I (Wi— (1= B)an =Y 1S (17)
jeD
- D
0 = E QE,t+1/QE,tM Bt/QBt (18)
Iy
Proof: Start by defining the new set of variables:
b = QpiBri/(Wi— P Ci—R{Sy), (19)
Cit = PjyCit/Wi, (20)
St = RjiSji/ Wi, (21)
Wit = Wi/Wis, (22)

and I%l and ;41 defined in the lemma. A change in variables then allows one to write

the consumer problem in terms of the following Bellman equation:

V(W p') = _ max N )
Gy +BE, [v (Wtftﬂﬁl(l — S enn Cit = X jen Gjar1850), pt+1)}
(23)

The optimality conditions for this problem are:

BC I
1 = N W 2 I 24
(1—B)ay t[WtH (29
= P | i (25)
(1= Py Wigr |
0 = FE QE’HI/Q}E’AZ_Dt/QB’t], (26)
i-+1

together with the law of motion for wealth. Guess now that Cj; = (1 — f)a;. You can

verify that the Euler equations for non-durables are satisfied and that the law of motion for
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wealth becomes (17). This concludes the proof.
Lemma 2: Letting a small letter denote the deviation of a variable with a tilde from its

non-stochastic steady state and x; = (1 — ;) /u;, then:

Sjt = XjEt [A?”j,t+1 ’Ltﬂ] for all jeD (27)
Wi+1 = Zt+1 (B 1_ )Z@ij [Zi]\—{-l - Et[ii\_/,'l_l] — (A’rj’tJr]_ — Et[ATj,t+1])] (28)
jeD

Proof: At the non-stochastic steady state where P;; = Pj, Rj; = Rj, and Ig‘j{l =41 we
have: C; = aj(1 — B)Wy/P;j, S;j = aj(1 — B)W/R;ti;. This follows from simply evaluating
the optimality conditions in the previous lemma at the steady state prices.

Log-linearizing the optimality conditions in the previous lemma gives the system:

sjip = Eifwe — iy — uje), (29)
wepr = iy — (BT =1 aj(sie +ujer). (30)
jeD

Log-linearizing the definition of ;:41:
M
i1 = X5 (i11 — Arjeer) (31)

Rearranging these three equations gives the stated result.

Lemma 3: The log-linearized value function is:

o
~ =Y B Y aiEpiesil + Y aiEe 1]
=0

jeND jeD

[ee)
+3°8S " G B [Arj s — ity ]

i=0  jeD
ln W >
t + Z Bz Z Et Zt+k: (32)
=1 k=1
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Proof: With the transformation of variables in lemma 1 and the value function in (23):

VIWep') = =Y 8 D ayEln(Pa)] + Y o EifIn(Rjp1)]
i=0 jeND jeD
+ 3 ayn(Ch) + Y ayIn(S;)
jeND JjeD
+3 B (W) (33)
=0

Log-linearizing the first line gives the first line in (32). Log-linearizing the second line, using
the result for non-durable consumption in lemma 1 and the result for log-linearized durable
consumption in lemma 2 gives the second line in (32). Finally, log-linearizing the term in
the third line and using the result from lemma 2 that Fyi;[wi+14] = Fryy [zﬁl 4, the third

line in (32) follows.

We can now proceed to prove the proposition. If all prices follow a random walk in logs

and returns are i.i.d. then the log-linearized value function in lemma 3 becomes:
VO = (W) = > apie = agria | /(1= ). (34)
jeND jeD

Using the definition of the DPI it follows immediately that:

Inmeir = Y @j(pjer1 —pie) = Y aj(rjeet = Tie)- (35)
jeND jeD
This is the static cost-of-living price index for this problem so this shows the proposition.

A.2. Proof of the lessons in section 3

Results for lesson 1: The assumptions in section 3.1 reduce the problem to:

V(A) = max > B Y a;In(Ciir) (36)
{CrridiZo 120 jeND
st. : PLCL=Y=(1-8A4 (37)
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The solution is clearly:

V(4;) = Z,BZ > o In(Pip). (38)
=0 jeND
Solving for the DPI, it then follows that:
In (7rt+1 Z BZ Z a4 hl 7, t+1+z/Pj t+l) (39)

jeND

Clearly, if Pji114; > Pjt4+; for all 7 and j, then the log DPI is always non-negative.
This proves the first result. Likewise, comparing two situation such that: (Pi4144/ PtH)A >
(Pit14i/Pyi)B for all 4, clearly In(n{l;) > In(7B,). Finally, if the price sequence is:

Pjiyi = P for i # h, Pjyyp, > P for all j, then clearly In(m;4q) > 0.

Results for lessons 2 and 3: Letting b; equal Qg ¢Bg./(W; — P,Cy), the share of

financial investments on equity, the consumer’s problem is:

Cj bt

1—b)D b
V(Wy,.) = max Zajln it) + BB |V <( t) Bt | tQE,t+1> W, — ij,tcj,t N

QB QE.t

jeND jeND

(40)
where recall that P;; = P,Pj,, and that Qp; = Q:Qp and Qrs = Q:Qg, with Q; ii.d.

The Euler equations for consumption are:

1—-0b,)D b P;.C-
1 — BE, [(( ) DBt n tQE,t+1> it Clie } ‘ (41)
QB Qet ) Pjt+1Cjin1

The optimality condition for b; is:

E; (42)

Wit o Dp1/Qpi — Qrii1/Qrs _0
Pjir1Cipr1 (1 —b) Dpi/Qos + biQE1+1/QE

It is easy to see that the solution P;;Cj = a;(1— )W, satisfies these two conditions, while

the portfolio share solves:

(43)

E Dp+/Qpt — Qrii1/Qp. _0
(1—b)Dpt/QBt +b:QE+4+1/QE 4 ’

and so depends only on the idiosyncratic shocks to asset prices.
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The value function at date t equals the expected sum of discounted utility obtained by
behaving optimally. Using the optimal consumption choices and the evolution of wealth
implied by the budget constraint, evaluating expectations and summing over time, gives

the value function:

V(.) = const. —|— Zﬁl Z a;By [In(Pji44)] — 51111_(%:)
1=0 JjeND
B (1-b)Dps  bQpit1
+——RF; |1 = — 4 —= . 44
1-p e ( QB,t QE,t )] ( )

Solving for the DPI then:

1D(7rt+1 = Z Bz Z Q; Et+1 [ln( 7, t+1+z)] Et [h’l( 7, t+z)]) + 5 ln(Qt+1/Qt)
= JjeND
—B [ By |In (1- berl)DB,H—l n bt+A1QE,t+2 _E, | (1 _Abt)DBt thE 1) &y )
@B,t+1 QEt+1 Ob. Ors

Starting with the case when P; is i.i.d., clearly, the term involving P;y; in the log-DPI
becomes (1 — 8)In(P;41/F;). The second case is when: Aln(Pi1) = nAln(P) + ef 4.
Evaluating the expectations in the DPI, is it easy to see that the term involving Py in
the log-DPI now is: In(P,11/P;)/(1— Bn). Third, if idiosyncratic goods prices are i.i.d., the
terms involving them in the log-DPT are: (1 — )Y o In(Pj41/P;;) from where the final
result in section 3.2 follows.

Moving to section 3.3, the first result can be read directly from (45). The second result,

on the relative impact of idiosyncratic asset price shocks, follows from taking derivatives:

- In D.1/Qa_ _ . (46)
0ln(@B,) (1 —=0:)Dp:/QByt +b:QE+1/QE

Ol(m) _ gk, | Qris1/ Qs : . (47)
0n(Qg,) (1—=0b:)DBt/QByt + biQE+1/QEy

0ln(my)

= [(1—b)E

Using the optimality condition in (43), and taking the ratio of (47) and (46):

8ln(7rt)/8ln(QE,t) _ by
dln(m,)/0In(Qps) 1 bt

(48)

Using the definition of b, the result claimed in the text follows. Finally, the third and last
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result is that if ln(QE,t) = ln(QE,t_l) + 5? then In(m;) does not depend on QE,t. This

follows immediately from inspection of (45).

Results for lesson 4: Using the definition of the DPI and the implicit function theo-

rem:

Oln(m)  _ 9n(V())/9In(Piy)
9In(Pyy) OIn(V()/0 (W)’
8111_(?&) 0In(V(.))/0In(R; )

In(Ry)  OW(V()/0ln(Wy) (50)

Now, the problem in section 3.4 is:

>ienp @ I(Cig) + 325 p aj In(Sje)+
V(W) =  max
CieSiabe | BEy [V (IM) (W — X PjaCle — S ujus1Si4) + )]

Where b; and I}, are defined in lemma 1. The first-order conditions are:

a; = PCitBEVi(Wisn, ) IM], (51)

aj = SjulByVe(Wesr, VN ujeia]. (52)

Where V,(.) denotes the partial derivative of V(.) with respect to z. The envelope theorem

in turn implies that:

VoWi,.) = BEVi(Wiyr, ) I (53)
ViWy,.) = —BSjEe[Vie(Wig1, VI 10uja41/OR; 4] + BENV; (Wi, )OR141/OR;(54)
ViWy,.) = =BC; B¢ [Vie(Wiga, -)1%1] + BB Vi(Wig1,.)OP; 141/0P; ). (55)

Using the other optimality conditions to re-arrange the last two, and evaluating the deriv-

atives at the non-stochastic steady state, one obtains:

PiiVi(l) = —ai/(1 = B0I(P;t11)/0In(Pit)), (56)

R;Vi() = —ai/(1 = BR;10uji1/0R;ujiv1)) (57)

Using these to substitute in (54)-(55) gives the expression in the text.
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Next, letting In(R;+) = nIn(R;+—1) + &ft, and recalling the definition of user costs:

Oujerr Ry Rig—n(1=08)R;a /I,
X = A (58)
ORjr  wjer  Rjp— (1= 0) R/l

If the durable’s price shocks are transitory (n < 1), then this is clearly larger than one. If
however a 1% increase in the durable’s price raises its future price by more than 1% (n > 1)
then this is smaller than one. If = 0 so shocks are i.i.d., and if Rj;41/Rj: =~ It]‘_{l, then

the right-hand side of (58) equals 1/4.
A.3. Log-linearized DPI used in section 5

The starting point is the log-linearized value function in lemma 3. Using the definition

of the DPI, the log-linearized DPI is:

In(m >
1 (_ 23) = Zﬁl Z a;j (Bt [pjiti) — Er—1[pji—144]) + Z aj (B¢ [rj1d) — Er1[rje—1+4])
i=0 jeND D

o0
=D B> iy (Be [Arjeeas — ity — Bt [Areps — i)

i=0  jeD
0o %
- Zﬁl Z (e [it4r] — Bea [it7140]) - (59)
i=1 k=1
The models for the stochastic variables p; = (p1,¢, 2,1, D3,t, Pat, 54,76, 0B, B,) all

imply the following levels VAR representation:

pr— = P1(pr—1 — p) + oo + Pp(pr—k — p) + &t (60)

This can be written as a 15 order VAR on the expanded 8kx1 vector: p* = [pr—pt, ..., Dt_p11—
T pt = Fp'=! + vy, where F is a 8px8p matrix (see Hamilton, 1994, pp. 259). Moreover,

it is easy to see that:

Eelprrs — 1] = F3 00— 1) + oo+ F (proer — ) (61)

= F, (62)

where Fl(;) is the 8x8 matrix that includes rows 1 to 8 and columns 8(5 — 1) to 8j of F**

and Fl(s) is the 8x8k matrix from stacking all of these matrices horizontally.
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Then, letting A = Z?:l a;e; where e; is the 1x8 vector with a 1 in the i'" column and

zeros elsewhere, the term in the first line of (59) is:

> B A Brprsi) — Beoa (pr142) = Y B AR Ay, (63)
i=0 1=0

Letting B = asxses + asXges — (asxs + asXg)(ber + (1 — b)eg), the term in the second line

likewise becomes:

- ZﬁiB (Ee(Apts1+i) — Be—1(Apiyi)) = — ZﬁiB (Fl(iﬂ) - Ffz)) Ap'. (64)
i=0 1=0

Finally, letting C' = ber + (1 — b)eg, the term in the third line becomes:

-—}jﬂl}jC'EtAka By 1 [Apesr-)) §:6Z§:C7< ¥ ”)Ap. (65)
=1 = =1 =

Combining all of these terms gives the final expression for the log-linearized DPI:
m) =Y B |(A+B)F? - BF{™Y ZC’ (Ff’“ Ff’“”)] Ap', (66)
i=0
mapping the changes in the state vector p’ into the DPI.
A.4. Epstein-Zin utility case

The optimality conditions are:

Wi = I (Wi = PCy), (67)
_ (1=v)/(1-1/0)
| - BQELP (Crpa\ ! . (68)
QFP1 \ Gy

These have a closed form solution only when 7 = 0. Then, C; = (1 — p)W;/P;, so the ratio

of consumption expenditures to wealth is constant. The parameter p is defined in (12).
For the case n # 0, I follow the approach introduced by Campbell (1993) by log-

linearizing the budget constraint around the point where the ratio of consumption expen-

ditures to wealth is constant. Then, as Campbell (1993) shows (see his equation 20) the
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log-linear value function is:

In(V(Wy,.)) = wy — pr + Z P'Be[Agh, — Apiia). (69)
i=1

Using the definition of the DPI and the stochastic processes for equity and goods prices,

the DPI in (11) follows immediately.
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